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Experimental Evaluation of the Torque-Shaping Method
for Slew Maneuver of Flexible Space Structures
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A torque-shaping method using trigonometric series expansion and optimizationis demonstrated experimentally
for a flexible space structure testbed. The hub-appendagestructure is carefully designed and assembled to provide
an environment to achieve the rest-to-rest maneuver and vibration suppression. The reaction wheel assembly is
used as an actuator to drive the structure, while an encoder, a gyroscope, and a piezoelectric transducer are used
as sensors to detect the slew/flexible motion. The experimental testbed is identified by applying an optimization
technique using the data of the structure actuated by an impulsive hub control torque. With the well-adjusted
experimental environment, the open-loop experiment results using the torque-shaping method match well with
those of the numerical simulations. Furthermore, the closed-loop experiment results show that precise targeting is
achieved in the presence of various external disturbances. The proposed method will provide an efficient basis for
implementing a realizable torque-shaping strategy for the slewing of flexible space structures.

I. Introduction

ECENTLY there has been considerable interest in the time-

optimal rest-to-rest maneuver for flexible spacecraft, with-
out significant structural vibrations during and at the end of the
maneuver. ~® The minimum time solution requires a bang-bang
type control that may introduce unintended excitation to the high-
frequency modes. To solve this problem, Liu and Wie'! imposed
constraintson flexible modes for no residual structural vibration af-
ter the maneuver to determine the optimal switching times. Singh
and Vadali® solved a similar problem in the frequency domain by
introducing the time-delay filter concept. Singhose et al.? presented
a robust input shaping method for limiting deflection during the
slew. Note that all of these torque-shaping techniques use on-off
command signals. Another approach is to design a control torque
that exhibitsa high degree of smoothness, to avoid exciting the high-
frequency dynamics of a flexible system. Junkins et al.* introduced
anear-minimum-time tracking law based on Lyapunov stability the-
ory,and Aspinwall’ and Suk et al.® proposed various torque-shaping
methods in the frequency region.

This paper puts the utmost emphasis on the experimental demon-
strations of the torque-shaping methods and closed-loop tracking
controlsuggestedin Ref. 6. The proposedopen-loopcontrolmethod
is to achieve a large-angle slewing in view of the vibration sup-
pression and minimization of maneuver time. Therefore, it would
be appropriate to mention that the developed control method can
provide good and realizable performance beyond the region of
a pure desk plan by applying the open-loop/closed-loop control
laws to the flexible space structure testbed at Seoul National Uni-
versity (FSST/SNU). FSST/SNU is somewhat similar to the U.S.
Air Force Office of Scientific Research at Texas A&M University
facility,* except that FSST/SNU uses a pizoelectric sensor instead
of strain gauges to determine the bending moment of the appendage.
FSST/SNU also uses a piezoelectricvibratingtype gyroscopein ad-
ditionto the encoder measuringthe angularinformation. FSST/SNU
is composed of a central hub and four identical appendages to
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allow single axis slew maneuvers. A reaction wheel type actua-
tor is mounted on the hub, which consists of a torque motor and a
wheel assembly. An encoder and a gyroscope are used to measure
the hub angle and hub angular velocity, and a piezoelectricsensoris
attached to the root of one of the appendagesto measure the flexible
mode.

This paper is organized as follows. First, a brief review of the
optimal torque-shapingmethod is presented. A detailed description
of the FSST/SNU hardware is provided. System identification is
performed to revise the mathematical model to obtain the realis-
tic dynamic characteristics. The open-loop experimental results are
compared with the numerical simulation, and the proposed torque-
shaping method is compared with the two competitive alternatives:
1) bang-bang control and 2) near-minimum-time maneuver control.
Finally, the Lyapunov tracking (closed-loop) controller is realized
to achieve accurate targeting in the presence of the presumed envi-
ronmental disturbances.

II. Open-Loop Optimal Torque Shaping

In this section, a brief review of the optimal torque-shapingmeth-
od is presented for the slew maneuver of the FSST/SNU shown in
Fig. 1. Configuration parameters of the FSST/SNU are listed in
Table 1. After the equation of motion is derived in modal coordi-
nates, the performance index is assigned to extract the optimally
shaped control torque. Analytic expressionsof the performance in-
dex and its derivatives are used to enhance the optimization algo-
rithm in terms of numerical accuracy.

A. Mathematical Model of FSST/SNU

Consider the planar rotational/vibrational dynamics of a flexible
structure consisting of rigid and antisymmetric structural modes.
The governingequation of motion is obtained using a finite element
method’

Mx + Kx = Fu,

0
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Table1 Configuration parameters of FSST/SNU

Parameter Value
Radius of hub, m 0.20
Rotary inertia of hub, kg/m3 0.8971
Mass density of appendage, kg/m? 2800
Young’s modulus of appendage, N/m 7.5842 % 1010
Thickness of appendage, m 0.0020
Width of appendage, m 0.0635
Length of appendage, m 0.8100

PIEZOELECTRIC
SENSOR

’E

SERVO
DRIVER

[ ENCODER
——GYROSCOPE _|

Fig.1 Integrated structure-control signal flow diagram.

l
My, =Y / px¢p; (x) dx
i lo

where [ is radius of the hub, [ is the distance from the center of hub
to the tip of the appendage, My, is a coupling matrix between rigid
and structural modes, and M,,, and K,, denote mass and stiffness
matrices of flexible mode, respectively. The states are composed of
the rigid mode and flexible dynamics of elastic modes as follows:

!
My, = / px’dx,

lo

x=[0 w 6 w, 6 - w 6 "']T (3)

where ©, w;, and 6; denote the hub angle, bending displacement,
and angle of the ith finite element node, and ¢; (x) denotes shape
function, respectively.

B. Slewing Control Laws
1. Bang-Bang Maneuver

It is well known that the minimum time solution for a single-
axis rest-to-rest maneuver takes the form of bang-bang control.® In
this control method, constant torque is applied in positive direction
for the first half and negative direction for the second half of the
maneuver.

2. Near-Minimum-Time Maneuver

In the practical point of view, the reaction wheel assembly cannot
generateideal bang-bangtorque profile. Even if the computer sends
outthe sharpsignal, the mechanical/electricaltime constantprevents
the servodriver from generating an abrupt torque variation. There-
fore, a realistic alternative is a modified torque command curve that
splinesthe three discontinuitiesof the bang-banghistory. The torque
shapeis dividedintothe five subdomainsin near-minimum-timema-
neuver control, and the three discontinuous regions are smoothed

using the cubic polynomials. Coefficients for the polynomials are
determined to satisfy the conditions at each boundary of maneuver
interval *

3. Optimal Maneuver Using the Torque-Shaping Method

In a similar context to the previous near-minimum-time maneu-
ver, Fourier series expansion can be used to reshape the bang-bang
input so that the structural modes excitation may be minimized.
Fourier series of the modified bang-bang torque input can be ex-
pressed as follows®:

N

2mwit
(1) = a; sin 4
u,(t) E_l > 4)
where
2U pax . . 4], 0
a; = ——= cosin|[l —cos(1 —é)in], Umax = sz
im (1 —B)th

The maneuver time 7;, the number of terms N of the trigonomet-
ric series, and the shaping parameter § control the smoothness of
the modified shaping torque and, therefore, the vibration energy of
the system. In this study, target final angle is set to be 60 deg. To
analyze the effect of Fourier series type input on the system dynam-
ics, the modal coordinate expressionis used. To perform the modal
coordinate transform, we introduce the general modal coordinate
transformation’

x=®n ®

where @ is the modal matrix satisfying the biorthogonality condi-
tions

M =1, O'K® =diag(-+ o} )=A

1
The transformed equation of motion becomes

N

. . 2mit
nj+w§nj=¢j E a; sin ;
!

(6)

i=1

where v; is the jth element of ®” F. From Eq. (6) it is obvious that
the Fourier series input should avoid frequency components identi-
cal and/or close to those of modal coordinates to prevent possible
resonance responses caused by the flexible appendages.

Equation (4) represents the input torque profile. For slewing and
vibration suppression of the structure, the coefficients of trigono-
metric series in Eq. (4) are adopted as design variables to determine
the input shape by an optimization procedure. A performance in-
dex can be defined in such a way that the vibration energy during
maneuver and residual variation are minimized. The performance
index in this study consists of three objective functions: 1) vibration
energy of the appendageduring maneuver, 2) vibrationenergy at the
end of maneuver, and 3) the mean square error between the mod-
ified bang-bang input and reaction wheel torque to be optimized.
First, the objective function J; represents the vibration energy of
the flexible structure during maneuver as follows:

tf m
n= Y i+ i)a ™
0 =0

where 7y denotes the modal coordinate of the rigid mode,
n; (i=1,2,...,m) denotes the modal coordinate of structural
modes, and m is the number of flexible modes to be considered.

Objective function J, represents the residual vibration energy at
the end of maneuver:

m

L= (o +i)], @®

i=1

To reduce the peak magnitude we adopt the objective function J;
that takes the mean square error between the modified bang-bang



SUK, KIM, AND BANG 819

inputand reaction wheel torqueto be optimized. It can be formulated
as follows:

uﬁmx(l _ 5)tf tf - 2
i e e O DL

i=1

N
umaxtf a; . .
+ —_— —(cosim —cosimd 9
- -21 ; ( ) )

The performance index can be expressed as follows:

3
J= Zﬁi-’i
i=1

where §; (i =1, 2, 3) is a weighting factor to balance the relative
contribution of each objective function to the performance index.
A separate study shows that the ratio between g, and B, mainly
affects the residual vibration, whereas the results similar to those
of the unconstrained optimization are obtained showing high peak
magnitudes of the control torque as f; gets smaller.

Two constraintsare imposed on the final targetangle to guarantee
the rest-to-restmaneuver. What is imposed on the final target angle
can be expressed as follows:

a ,
— 10
£ smi/ (10)

i=

-]t()l@f =

where Ji,, is the moment of inertia of the whole system. The other
constraint that the angular velocity should be zero at the end of
the maneuver is satisfied automatically once Eq. (10) is satisfied.
Therefore the minimum requirement to achieve the rest-to-restma-
neuver can be expressed by Eq. (10). Derivatives of the objective
functions are required for applying a gradient-based optimization
algorithm. The analytical expressions of performance index dur-
ing the optimization process not only reduce computational time
but also produce a better solution for optimization® Once the co-
efficients are determined, the control torque can be calculated by
a simple algebra. The control torque obtained herein is extremely
smoothed so that it might be easy to implement.

III. Experimental Setup

A. Flexible Space Structure Testbed

FSST/SNU is composed of a central hub and four identical ap-
pendages. The hub is representative of the body of a spacecraft,
and the appendages play the role of flexible solar panels. A reaction
wheel assembly is used as an actuator to slew the hub-appendage
structure. An encoder and a gyroscope mounted on the hub mea-
sure the slew angle and the angular velocity of the structure, re-
spectively. A piezoelectric sensor is used to measure the flexible
deformation that can be used to estimate the root bending moment
of the appendage. The integrated structure-control signal flow is
diagrammed in Fig. 1.

B. Vibration Analysis and Identification of FSST/SNU

In this section, vibrationanalysisof FSST/SNU is performed, and
the mathematicalmodel is modified to approximate the FSST/SNU.
In the previous section, a mathematical model is obtained using a
finite element method. The slew mode and the first three flexible
modes are used for system identification. Natural frequenciesof the
mathematical model are coupled with their vibrating modes and can
be extracted using the eigensystem analysis for the mass/stiffness
matrices.

Figure 2 shows the frequency response of the FSST/SNU by an
impulsive torque actuation. The first three natural frequencies in-
cluding the rigid mode are measurable from the fast Fourier trans-
form plot of the response. A vibrational mode test revealed modes
at 3.11, 16.00, and 44.43 Hz. Measured natural frequencies are
compared with the mathematical model in the right half side of
Table 2, from which we can get the information on the system to
be identified. From the results shown in Table 2, we can see that
the mathematical model and the experimental model have similar
frequency spectra. However, a more refined mathematical model
can be obtained by minimizing the error between the measured and
estimated frequency spectra, and this can improve the similarity

Table 2 Natural frequencies and identified system parameters

Initial Identified Measured

Initial Identified frequency, frequency, frequency,

Parameters value value  Mode? Hz Hz Hz
Jiot 0.8500 0.8971 2 3.19 3.11 3.11
P 0.3556 0.4139 3 16.66 16.00 16.00
EI 3.2106 3.4421 4 45.97 44.10 44.43

4The first mode is a rigid mode with a natural frequency of 0 Hz.
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Fig.2 Vibration mode test.

between the measured and estimated output responses using the
open-loop/closed-loop control laws.

IV. Slew Maneuver Experiments

In this section, slew maneuvers with the suppressionof the vibra-
tory modes caused by the appendages are experimentally demon-
strated to validate the effect of the designed optimal torque shaping
and closed-loop control.

FSST/SNU is developed to implement optimal control laws for
both large angle slewing and vibration control. For this purpose, the
computed open-loop control torque is sent out to the servodriverby
the main processorthrough the data acquisition system. The analog
torque signal is discretized at each step to obtain the continuously
varying output voltage and is assigned to the motor to move the
hub to follow the desired trajectory. Especially, it is required to
investigate the response of the structure to validate various physi-
cal/material properties and to compare the experimental results with
those performed by the numerical simulation. Also note that well-
performed open-loop results provide a good environment for the
closed-loop implementation.

Friction is a main factor to be considered to obtain accurate open-
loop responses of the system. Excellent optimal control trajectories
often resultin undesirableresponsesif the friction is not considered
in the experiment. Note again that the friction affects in opposite
direction during the overall region of the maneuver. This allows the
evaluation of a new moment history where the effect of friction can
be treated as a constant, vanishing in both the initial and the final
state. In the experimentalresults to be shown hereafter,25.5% of the
designed torque was considered to overcome the effect of friction.

A. Open-Loop Control Experiment

In this study, open-loop experiments are performed, and the re-
sults are investigated in various aspects to show the systematic ex-
perimentalmethodology.First, the open-looptorque-shapingexper-
iments are compared with the numerical simulationresults. Figure 3
shows the experimentalresultscompared with those of the numerical
simulation. Maneuvertime f; and N in the numerical simulation are
setto 5 s and 7 s, respectively. Optimal torque-shaping coefficients
in Eq. (4) are listed in Table 3. Because the mathematical model is
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Fig.3 Comparative results for open-loop control law.

Table 3 Coefficients for the shaped torque

i 1 2 3 4 5 6 7
a; 03164 0.0668 0.0655 —0.0051 —-0.0005 -0.0362 —0.0313

modified via the identification process, these simulated results are
very consistent with the experimental results. We can conclude that
the experimental environment using the various compensating fac-
tors emulates the numerical model closely, and numerical analyses
using the identified model guarantee that they reflect the real world.

On the other hand, an appropriate factor should be added or sub-
tracted for eachintervalto take the frictiontorque into consideration.
Motor control torque can be expressed as follows, introducing the
friction factors x and &:

TYu,(t)(1 +«) for 0=<t<ts/2
V)= T u,()(1 —«) for /25t <ty 11
e>0 for t>t

where V(¢), T, and ¢ are the torque command voltage applied
to the motor, a conversion factor to transform the torque into the
command voltage, and the command voltage negating the motor
bearing friction so that the wheel speed may be kept constant after
the maneuver, respectively.

Figure 4 shows the comparative results for the three open-loop
control laws with respect to the slew angle measured by the encoder
and the root moment measured by the piezoelectric sensor. Slew
angle follows the reference maneuver well for each control law.
However, the root moment history determines the performance of
the adopted controlmethods. As is forecasted, the bang-bangcontrol
bearsrelativelylarge flexible deformation. The residual vibration for
the bang-bang maneuver is expressed analytically as follows:

2
% > (2 +einl) = Zz[wn@(l — sin “’thﬂ (12)
n f

n

As can be seen in Eq. (12), the residual vibration energy depends
on the target angle as well as the maneuver time. Especially, the
maneuver time combined with the natural frequencies of the flex-
ible mode has a dominant effect on residual vibration. Therefore,
we can control the phase of the flexible mode by changing the ma-
neuver time. A detailed analysis and results on this observation are
explainedin Ref. 6. The near-minimum-time maneuver has the ad-
vantage of small and relatively flat flexible deformation during the
maneuver. The shaped torque maneuver based on the trigonometric
series expansion shows that the maximum root moment is higher,
but lower for almost all of the maneuver interval, than the case of
the near-minimum-time control. Other than the bang-bangand near-
minimum-time maneuvers, the optimal coefficients for the proposed
torque-shaping method are selected at every slew angle and/or the
maneuver time so that the residual vibration may be sufficiently
small. As a result, the residual vibration is minimized to the extent
possible. Although numerical simulation perfectly eliminated the
residual vibration, the experimental structure still has some fric-
tion, which has not yet been analyzed. This residual corresponds
to approximately 1 pe. Note that the residual vibration using the
near-minimum-time control is almost four times that of the torque-
shaping method in this particular case.

It may not be fair to compare between the bang-bang control law
and the torque-shaping method directly because the torque magni-
tude of the torque-shaping method exceeds that of the bang-bang
approach. The objective of the torque-shapingmethod is to design a
near-minimum-timetype controllaw while minimizingthe vibration
energy during and after the maneuver. If the bang-bang control law
uses the maximum torque magnitude of the torque-shapingmethod,
then the mission time of the slew maneuver would be reduced fur-
ther; however, the residual vibration still exists after the mission.

B. Closed-Loop Control Experiment
The Lyapunov tracking controller is developed to follow the
well-defined reference maneuver resulting in a globally stabilizing
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Fig.4 Results for various open-loop control laws.

control law. The control law using optimized shaped torque in-
put usually yields good performance for the system without ex-
ternal disturbance. However, a closed-loop control law should be
included to guarantee the performance of slewing and vibration
suppression in the presence of significant external disturbance. In
this section, an optimal tracking controller is designed based on
Lyapunov stability theory to follow the reference maneuver as well
as to suppress inherent vibration caused by the motion of central
hub.

Using the optimal torque-shaping method, the reference maneu-
ver of FSST/SNU is designed as follows:

JiotOrer (1) = (1) (13)

where O, denotes the reference angular acceleration of the struc-
ture when the optimized torque u, is applied. Note that the com-
manded shaped torque generated, based on Eq. (4), is shown in
Fig. 3d.
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Fig.5 Closed-loop vs open-loop control responses.

The following error energy Lyapunov function is selected to de-
sign the globally stable tracking controller considering the tracking
error energy and vibration energy of the whole system*:

2U = a, 1,80 + a,60°

1 1
+4a, /p(8w+x8®)2dx+/ EIGw")?dx (14)

lo lo

Using Eq. (14), the Lyapunov controllaw can be obtainedas follows:

U, (1) = Uper(1) — 81(O — Orp) — 82(O — Or)

1
— & / [px (i + x6) — px?Op | dx (15)

lo



822 SUK, KIM, AND BANG

The performance of the designed closed-loop control law is ex-
perimentally verified. The control law feeds back the slew angle,
slew angular velocity, and the root moment as shown in Eq. (15).
Figure 5 shows the results for the closed-loop control compared
with the open-loop control where a quasirandom (0-mean, 0.0214-
o )disturbanceis applied to the reaction wheel actuating. The control
gains are set to be g =30.0, g, =5.0, and g; =2.0, respectively.
Equation (15) illuminates that the adopted Lyapunov control law
takes the form of output feedback control in the sense that all of the
feedback terms are measured using individual sensors. The over-
all control update frequency is set to be 100 Hz. As can be seen
in Figs. 3 and 4, well-modeled friction compensation strategy en-
ables the open-loop system to exhibit good performance. However,
the open-loop control law cannot guarantee the same performance
in the presence of the external disturbance and/or variation of the
other peripheral environments. Figure 5 shows the better perfor-
mance of the closed-loop control methodology than the open-loop
control. Despite the disturbance, the tracking controllerachievesac-
curate targeting while suppressing flexible deformation. Note that
relatively large control gains increase the control input and may
destabilize the system in the presence of the various sources of dis-
turbance. The desired objectives of targeting and vibration control
can be met by assigning appropriate control gains.

V. Conclusion

In this paper, the performance of the proposed torque-shaping
method is verified by a systematic experimental procedure.
FSST/SNU dynamic modeling is identified so that the mathemati-
cal model can reflect the real structure. As a consequence, the re-
sults of the numerical simulation mirror the experimentalduplicates
by showing almost the same responses. Compared with the bang-
bang maneuverand the near-minimum-timemaneuver, the proposed

torque-shapingmethod proved to have better performancein view of
residual vibration. Also, the closed-loopexperimentshows success-
ful precise targetingirrespectiveof the various external disturbances
by adopting the tracking controller.
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